I discuss a recent analytic proof of bypassing the no-hair conjecture for two interesting (and quite generic) cases of four-dimensional black holes: (i) black holes in Einstein-Yang-MillsHiggs (EYMH) systems and (ii) black holes in higher-curvature (Gauss-Bonnet (GB) type) string-inspired gravity. Both systems are known to possess black-hole solutions with nontrivial scalar hair outside the horizon. The 'spirit' of the no-hair conjecture, however, seems to be maintained either because the black holes are unstable (EYMH), or because the hair is of secondary type (GB), i.e. it does not lead to new conserved quantum numbers.
Introduction
The 'no-hair conjecture' of Black holes may be best atttributed to Wheeler [1] , who, motivated by earlier uniqueness theorems on Black-hole solutions of Einstein-Maxwell theory [2] , stated that all exteriors of stationary black hole solutions are uniquely characterized by at most three conserved 'charges': mass, angular momentum and electric charge, i.e there are no non-trivial exterior fields, outside the horizon of a black-hole, other than those associated with long range Abelian gauge forces, obeying a Gauss law constraint.
The surprising discovery of the Bartnik-McKinnon (BM) non-trivial particle-like structure [3] in the Einstein-Yang-Mills system opened many possibilities for the existence of non-trivial solutions to Einstein-non-Abelian-gauge systems [4] . Indeed, soon after its discovery, many other self-gravitating structures with non-Abelian gauge fields have been discovered [5] . These include black holes with non-trivial non-Abelian hair, thereby leading to the possibility of evading the no-hair conjecture [1, 6] . The physical reason for the existence of these classical solutions is the 'balance' between the non-Abelian gauge-field repulsion and the gravitational attraction. As I shall argue in this talk [7] , such a balance allows for dressing black hole solutions by non-trivial configurations (outside the horizon) not only of non-Abelian gauge fields, whose presence should not have come as a great surprise since they obey the Gauss-law constraint in a rather similar spirit with the electromagnetic-field case, but also of (scalar) fields that are not associated with a Gauss-law. It is the presence of the latter that leads to an 'apparent' evasion of the no-hair conjecture 2 .
In this talk I will explain in some detail the reasons for such a bypassing of the no-hair conjecture [7] , by concentrating on two physically interesting examples, which capture the essential generic features of the problem. The first example is that of a spontaneously broken Yang-Mills theory in a non-trivial black-hole space-time (EYMH) [8] . This system has been recently examined from a stability point of view, and found to possess instabilities [9, 7] , thereby making the physical importance of the solution rather marginal, but also indicating another dimension of the no-hair conjecture, not considered in the original analysis, that of stability. The fact that the hairy black hole is unstable implies a violation of the 'letter' but not of the 'spirit' of the no-hair conjecture. The second example is that of higher-curvature string-inspired gravity, and in particular a dilatongraviton (super)string-effective action containing curvature-square terms of Gauss-Bonnet (GB) type [10] . The dilaton hair in that case is of secondary type [11] , i.e. it does not lead to new conserved quantum numbers as it is expressed in terms of the ADM mass [10] . Again, the 'spirit' of the no-hair conjecture seems to be maintained.
I will start my talk by briefly presenting a method, developed in collaboration with E. Winstanley [7] , for proving the possibility of an evasion of the no-hair conjecture for these systems. Our approach was inspired by a recent elegant proof of the no-hair theorem for black holes by Bekenstein [12] in a variety of cases with scalar fields [12] . The theorem is formulated in such a way so as to rule out a multicomponent scalar field dressing an asymptotically flat, static, sphericallysymmetric black hole. The basic assumption of the theorem is that the scalar field is minimally coupled to gravity and bears a non-negative energy density as seen by any observer, and the proof relies on very general principles, such as energy-momentum conservation and the Einstein equations. From the positivity assumption and the conservation equations for the energy momentum tensor T MN of the theory, ∇ M T MN = 0, one obtains for a spherically-symmetric space-time background the condition that near the horizon the radial component of the energy-momentum tensor and its first derivative are negative
with the prime denoting differentiation with respect to r. This implies that in such systems there must be regions in space outside the horizon where both quantities in (1) change sign. This contradicts the results following from Einstein's equations though [12] , and this contradiction constitutes the proof of the no-hair theorem, since the only allowed non-trivial configurations are Schwarzschild black holes. We note, in passing, that there are known exceptions to the original version of the no-hair theorem [6] , such as conformal scalar fields coupled to gravity, which come from the fact that in such theories the scalar fields diverge at the horizon of the black hole [13] , and therefore the original assumptions of the theorem are violated.
The interest for our case is that the theorem, if true for the EYMH system, would rule out the existence of non-trivial hair due to a Higgs field with a double (or multiple) well potential, as is the case for spontaneous symmetry breaking. Given that stability issues are not involved in the proof, it would be of interest to reconcile the results of the theorem with the situation in the case of EYMH or GB systems, where at least we know that explicit black-hole solutions with non-trivial hair exist [8, 10] . As we shall show below, the formal reason for bypassing the modern version of the no-hair theorem [12] lies in the violation of the key relation among the components of the stress tensor, T t t = T θ θ , shown to hold in the case of ref. [12] . The physical reason for the 'elusion' of the above no-hair conjecture lies in the fact that the presence of the repulsive non-Abelian gauge interactions, or the higher-curvature gravitational terms, balances the gravitational attraction, by producing terms that make the result (1) inapplicable in this case. For the GB system there is an additional simpler reason to expect that the no-scalar-hair theorem can be bypassed. In the presence of curvature-squared terms, the modified Einstein's equation leads to an effective stress tensor that involves the gravitational field. This implies that the assumption of positive definiteness of the time-component of this tensor, which in the Einstein case is the local energy density of the field, breaks down, leading to a relaxation of one of the key constraints/assumptions of the no-hair theorem of ref. [12] .
2 Eluding the no-hair conjecture for the EYMH system
We start our discussion from the EYMH system. Consider the EYMH theory with a (gauge-fixed) Lagrangian
where A M denotes the Yang-Mills field, F MN its field strength, φ is the Higgs field and V (φ) its potential. All the indices are contracted with the help of the background gravitational tensor g MN . In the spirit of Bekenstein's modern version of the no-hair theorem [12] , we now examine the energy-momentum tensor of the model (2) . It can be written in the form
with E ≡ −L EY MH . We consider Yang-Mills fields of the form [8] 
where τ i , i = r, θ, ϕ are the generators of the SU (2) group in spherical-polar coordinates.
Consider, now, an observer moving with a four-velocity u M . The observer sees a local energy density
To simplify the situation let us consider a space-time with a time-like killing vector, and suppose that the observer moves along this killing vector. Then u M ∂ M φ = 0 and by an appropriate gauge choice
This gauge choice is compatible with the sphericallysymmetric ansatz for A M of ref. [8] . Under these assumptions,
and the requirement that the local energy density as seen by any observer is non-negative implies
We are now in position to proceed with the announced proof of the bypassing of the no-hair theorem of ref. [12] for the EYMH black hole of ref. [8] . To this end we consider a spherically-symmetric ansatz for the space-time metric g MN , with an invariant line element of the form
To make the connection with the black hole case we further assume that the space-time is asymptotically flat.
From the conservation of the energy-momentum tensor, following from the invariance of the effective action under general co-ordinate transformations, one has for the r-component of the conservation equation
with the prime denoting differentiation with respect to r. The spherical symmetry of the space time implies that T θ θ = T ϕ ϕ . Hence, (9) can be written as
Observing that the terms containing Λ cancel, and integrating over the radial coordinate r from the horizon r h to a generic distance r, one obtains
Note that the assumption that scalar invariants, such as T MN T MN are finite on the horizon (in order that the latter is regular), implies that the boundary terms on the horizon vanish in (11) .
It is then straightforward to obtain
Ansatz (4) for the gauge field yields
with
Substituting (14) in (13) yields
where E is expressed as
We now turn to the Einstein equations for the first time, following the analysis of ref. [12] . Our aim is to examine whether there is a contradiction with the requirement of the non-negative energy density. These equations read for our system
Integrating out the first of these yields
where M ′ is a constant of integration.
The requirement for asymptotic flatness of space-time implies the following asymptotic behaviour for the energy-density functional
The second of the equations (18) can be rewritten in the form
Consider, first, the behaviour of T r r as r → ∞. Asymptotically, e Γ 2 → 1, and so the leading behaviour of (T
We, now, note that the fields ω and φ have masses v 2 and µ = √ λv respectively. From the field equations and the requirement of finite energy density their behaviour at infinity must then be
for some constants c and a. Hence, the leading asymptotic behaviour of J and F is
since e −Λ → 1 asymptotically.
The leading behaviour of (T r r ) ′ , therefore, is
There are two possible cases: 
which is finite.
At the horizon, e Γ = 0; outside the horizon, e Γ > 0 . Hence Γ ′ > 0 sufficiently close to the horizon, and, since E ≥ 0, T r r < 0 for r sufficiently close to the horizon.
′ is finite at the horizon and the leading contribution is
From ref. [8] we record the relation
where
For r ≃ r h , this expression simplifies to
Consider for simplicity the case r h = 1. Then, from the field equations [8] 
Then the expression (31) becomes
From the field equations [8]
which is always positive because the black holes are non-extremal [7] . Thus the sign of (T r r ) ′ (r h ) is the same as that of C. The EYMH system possesses two branches of solutions [8] , labelled by the number of nodes k of the gauge field. A detailed analysis [7] for the case of black hole solutions possessing at most one node, examined in refs. [8, 7] , shows that for both branches (k = 1, 0) C is non-negative. This implies that (T ′ is positive and there exists a 'critical' distance r c ∈ (r a , r b ) at which T r r changes sign. However, unlike the case when the gauge fields are absent [12] , here there is no contradiction with the result following from Einstein equations, because (T r r ) ′ > 0 in some open interval close to the horizon, as we have seen above.
In conclusion the method of ref. [12] cannot be used to prove a 'no-scalar-hair' theorem for the EYMH system, as expected from the existence of the explicit solution of ref. [8] . The key difference is the presence of the positive term ′ . This term is dependent on the Yang-Mills field and vanishes if this field is absent, or if the field is Abelian. Thus, there is a sort of 'balancing' between the gravitational attraction and the non-Abelian gauge field repulsion, which is responsible for the existence of the classical non-trivial black-hole solution of ref. [8] . However, as shown in ref. [7] , this solution is not stable against (linear) perturbations of the various field configurations. Thus, although the 'letter' of the 'no-scalar-hair' theorem of ref. [12] , based on non-negative scalar-field-energy density, is violated, its 'spirit' is maintained in the sense that there exist instabilities which imply that the solution cannot be formed as a result of collapse of stable matter. However, stability is a new dimension in the no-hair conjecture, not included in the original formulation. Therefore, it seems fair to say that the above analysis constitutes an analytic proof of bypassing or, better, 'eluding' the no-hair conjecture.
Dilatonic Hair in Higher-Curvature Gravity
As a second example of a physical theory of black holes not covered by the no-hair theorem of ref. [12] I shall describe black hole solutions [10] of the Einstein-dilaton system in the presence of the (higher-derivative) curvature-squared terms of Gauss-Bonnet (GB) type [10] . These solutions were found numerically by P. Kanti, J. Rizos and K. Tamvakis, and are endowed with a non-trivial dilaton field outside the horizon, thus possessing dilaton hair. The treatment of the curvaturesquared terms in ref. [10] is non-perturbative and the solutions are present for any value of α ′ /g 2 , where α ′ is the string Regge slope, and g is the gauge coupling constant of the low-energy theory. What I shall argue in this section, in connection with a bypassing of the no-hair theorem of ref. [12] , is that the presence of the higher-derivative GB terms provides the necessary 'repulsion' in the effective theory that balances the gravitational attraction, thereby leading to black holes dressed with non-trivial classical dilaton hair. This is an analogous phenomenon to that occuring in the case of Einstein-Yang-Mills systems discussed in the previous section.
The action I shall use will be the effective low-energy action obtained from (super)strings. I shall concentrate on the bosonic part of the gravitational multiplet which consists of the dilaton, graviton, and antisymmetric tensor fields. I shall ignore the antisymmetric tensor for simplicity 3 . As is well known in low-energy effective field theory, there are ambiguities in the coefficients of such terms, due to the possibility of local field redefinitions which leave the S-matrix amplitudes of the effective field theory invariant, according to the equivalence theorem. To O(α ′ ) the freedom of such redefinitions is restricted to two generic structures, which cannot be removed by further redefinitions [15] . One is a curvature-squared combination, and the other is a four-derivative dilaton term. Thus, a generic form of the string-inspired O(α ′ ) corrections to Einstein's gravitation have the form
where α ′ is the Regge slope, g 2 is some gauge coupling constant (in the case of the heterotic string that we concentrate for physical reasons), and R 2 is a generic curvature-dependent quadratic structure, which can always be fixed to correspond to the Gauss-Bonnet (GB) invariant
The coefficients c 1 , c 2 are fixed by comparison with string scattering amplitude computations, or σ-model β-function analysis. It is known that in the three types of string theories, Bosonic, ClosedType II Superstring, and Heterotic Strings, the ratio of the c 1 coefficients is 2:0:1 respectively [15] . The case of superstring II effective theory, then, is characterized by the absence of curvaturesquared terms. In such theories the fourth-order dilaton terms can still be, and in fact they are, present. In such a case, it is straightforward to see from the modern proof of the no-scalar hair theorem of ref. [12] that such theories, cannot sustain to order O(α ′ ), any non-trivial dilaton hair. On the other hand, the presence of curvature-squared terms can drastically change the situation [10] , as I will now describe.
Following the above discussion we shall ignore, for simplicity, the fourth-derivative dilaton terms in (37), setting from now on c 2 = 0. However, we must always bear in mind that such terms are non-zero in realistic effective string cases, once the GB combination is fixed for the gravitational O(α ′ ) parts. Then, the lagrangian for dilaton gravity with a Gauss Bonnet term reads
3 In four dimensions, the antisymmetric tensor field leads to the axion hair, already discussed in ref. [14] . Modulo unexpected surprises, we do not envisage problems associated with its presence as regards the results discussed in this work, and, hence, we ignore it for simplicity.
where R 2 GB is the Gauss Bonnet (GB) term (38).
As I mentioned earlier, although we view (39) as a heterotic-string effective action, for simplicity, in this paper we shall ignore the modulus and axion fields, assuming reality of the dilaton (S = e φ in the notation of ref. [14] ). We commence our analysis by noting that the dilaton field and Einstein's equations derived from (39), are
and
From the right-hand-side of the modified Einstein's equation (41), one can construct a conserved "energy momentum tensor", D µ T µν = 0,
It should be stressed that the time component of −T µν , which in Einstein's gravity would correspond to the local energy density E, may not be positive . Indeed, as we shall see later on, for spherically-symmetric space times, there are regions where this quantity is negative. The reason is that, as a result of the higher derivative GB terms, there are contributions of the gravitational field itself to T µν . From a string theory point of view, this is reflected in the fact that the dilaton is part of the string gravitational multiplet. Thus, this is the first important indication on the possibility of evading the no-scalar-hair theorem of ref. [12] in this case. However, this by itself is not sufficient for a rigorous proof of an evasion of the no-hair conjecture. I shall come to this point later on.
At the moment, let me consider a spherically symmetric space-time having the metric
where Γ, Λ depend on r solely. Using the above ansatz, the dilaton equation as well as the (tt), (rr) and (θθ) component of the Einstein's equations take the form
Before I proceed to study the above system it is useful to note that if I turn off the Gauss-Bonnet term, equation (10) can be integrated to give φ ′ ∼ 1 r 2 e (Λ−Γ)/2 . A black hole solution should have at the horizon r h the behaviour e −Γ , e Λ → ∞. Therefore the radial derivative of the dilaton would diverge on the horizon resulting into a divergent energy-momentum tensor
Rejecting this solution we are left with the standard Schwarzschild solution and a trivial (φ = constant) dilaton, in agreement with the no-hair theorem. This behaviour will be drastically modified by the Gauss-Bonnet term.
The r component of the energy-momentum conservation equations reads:
where the prime denotes differentiation with respect to r. The spherical symmetry of the spacetime implies T 
Taking into account (44) and (45), one easily obtains
In the relations (54) there lies the second reason for a possibility of an evasion of the no-hair conjecture. Due to the presence of the higher curvature contributions, the relation T t t = T θ θ assumed in ref. [12] , is no longer valid. The alert reader must have noticed, then, the similarity of the rôle played by the Gauss-Bonnet O(α ′ ) terms in the lagrangian (39) with the case of the non-Abelian gauge black holes studied in ref. [7] , and described in the previous section. We stress once, again, however, that in the GB case both the non-positivity of the "energy-density" T relation T t t = T θ θ , play equally important rôles in leading to a possibility of having non-trivial classical scalar (dilaton) hair in GB black holes systems. Below I shall demonstrate rigorously this, by showing that there is no contradiction between the results following from the conservation equation of the "energy-momentum tensor" T µν and the field equations, in the presence of non trivial dilaton hair.
First, let me define what one means by 'dilaton hair'. Far away from the origin the unknown functions φ(r), e Λ(r) , and e Γ(r) can be expanded in a power series in 1/r. These expansions, substituted back into the equations, are finally expressed in terms of three parameters only, chosen to be φ ∞ , the asymptotic value of the dilaton, the ADM mass M , and the dilaton charge D defined as [16] 
where the integral is over a two-sphere at spatial infinity. The asymptotic solutions are
Note, now, that the solution near the horizon is characterized by the parameter φ h . However, the parameters that characterize the solution near infinity (56)-(58) are M and D . From this, we can infer that a relation must hold between the above parameters in order to be able to classify the solution as a one parameter family of black hole solutions. After some manipulation, the set of equations (46)-(49) can be rearranged to yield the identity
Integrating this relation over the interval (r h , r) we obtain the expression
This equation is simply a connection between the set of parameters describing the solution near the horizon and the set M and D. The rhs of this relation clearly indicates that the existing dependence of the dilaton charge on the mass does not take the simple form of an equality encountered in EYMD regular solutions of ref. [17] . In order to find the relation between M and D we follow refs. [14] and take into account the O(α ′ 2 ) expression of the dilaton charge in the limit r → ∞
This relation can be checked numerically for the black hole solution of ref. [10] . Any deviations from this relation are due to higher order terms which turn out to be small. The above relation (61) implies that the dilaton hair of the black hole solution, if exists, is a kind of 'secondary hair', in the terminology of ref. [11] . This hair is generated because the basic fields (gravitons) of the theory associated with the primary hair (mass) act as sources for the non-trivial dilaton configurations outside the horizon of the black hole.
To check the possibility of the evasion of the no-hair conjecture we first consider the asymptotic behaviour of T r r as r → ∞. Since Γ ′ and Λ ′ ∼ O( 1 r 2 ) as r → ∞, we have the following asymptotic behaviour
In this limit, e Γ/2 → 1, and so the leading behaviour of (T We now turn to the behaviour of the unknown functions at the event horizon. When r ∼ r h , we make the ansatz e −Λ(r) = λ 1 (r − r h ) + λ 2 (r − r h ) 2 + ... e Γ(r) = γ 1 (r − r h ) + γ 2 (r − r h ) 2 + ... with the subscript h denoting the value of the respective quantities at the horizon. It can be shown [10] that this is the most general asymptotic solution Γ ′ → ∞, φ, φ ′ finite. As we can see, φ(r h ) ∼ constant while Γ ′ and Λ ′ diverge as (r − r h ) −1 and −(r − r h ) −1 respectively. Then, the behaviour of the components of the energy-momentum tensor near the horizon is 
Therefore one observes that for r sufficiently close to the event horizon, T r r has opposite sign to φ ′ . 
For (T
Next, we turn to the dilaton equation (46). At r ∼ r h , it takes the form
Substituting for F (69), the following equation for φ
